Abstract. Let Ω be an algebraic closure of Qp and let F be a finite extension of Qp contained in Ω. Given positive integers f and e, the number of extensions K/F contained in Ω with residue degree f and ramification index e was computed by Krasner. This paper is concerned with the number I(F, f, e) of F -isomorphism classes of such extensions. We determine I(F, f, e) completely when p 2 ∤ e and get partial results when p 2 e. When s is large, I(Qp, f, e) is equal to the number of isomorphism classes of finite commutative chain rings with residue field F p f , ramification index e, and length s.
Introduction
Fix an algebraic closure Ω of Q p and let F/Q p be a finite extension contained in Ω. Given positive integers f and e, let E(F, f, e) denote the set of all extensions K/F contained in Ω which have residue degree f and ramification index e. Krasner's formulas in [11] - [15] allow one to compute the cardinality N(F, f, e) of the set E(F, f, e). Suppose e = p m e 0 with p ∤ e 0 . Krasner's formulas state that N(F, f, e) = e (1.2)
In this paper we consider a related question: What is the number I(F, f, e) of F -isomorphism classes of elements in E(F, f, e)? Unfortunately, the formulas for I(F, f, e) seem to be much more complicated than those for N(F, f, e). When p 2 ∤ e, we are able to determine I(F, f, e) completely; when p 2 e, we are able to determine I(F, f, e) with some additional assumptions on f and e. It is well-known and elementary that I(F, f, e) can be computed as a weighted sum over the elements of E(F, f, e), Our method is to use class field theory to determine the groups Aut(K/F ) explicitly. Besides Krasner's formulas, another motivation for our work is the connections between p-adic fields and finite commutative chain rings. A chain ring is a ring whose ideals form a chain under inclusion. Finite commutative chain rings have applications in finite geometry ( [10] , [20] ) and combinatorics ( [7] , [8] , [16] , [17] ).
Since finite commutative chain rings are precisely the nontrivial quotients of rings of integers of p-adic fields, classifying isomorphism classes of finite extensions of Q p is essentially equivalent to classifying isomorphism classes of finite commutative chain rings. In particular, in Section 2 we will show that I(Q p , f, e) is equal to the number of isomorphism classes of finite commutative chain rings with residue field F p f , ramification index e, and length s, for all sufficiently large s.
The paper is organized as follows. Section 2 is a summary of the connections between p-adic fields and finite commutative chain rings. Section 3 contains some preparatory results about p-adic fields. In particular, we determine the F p [ γ ]-module structure of K × /(K × ) p , where K is a finite extension of Q p and γ is a Q p -automorphism of K. In Section 4 we consider the problem of computing I(F, f, e) when p ∤ e. Besides calculating I(F, f, e), we also collect some facts about tamely ramified extensions of F which will be used later in the paper. In Section 5 we determine I(F, f, e) in the case p e. Sections 6-10 are devoted to calculating I(F, f, e) in the case p 2 e, with some additional restrictions on f and e. In Section 6 we outline the computational plan and determine the structures of certain Galois groups. The key ingredients in the formula for I(F, f, e) are computed in Sections 7-9, and the final formula is assembled in Section 10.
For K ⊂ Ω a finite extension of Q p , we let n K = [K : Q p ] be the degree of K/Q p . We denote the ring of integers of K by O K , the maximal ideal of O K by M K , and the residue field of K byK = O K /M K . Any generator π K for M K is called a uniformizer for K. We let ν K denote the valuation on K normalized so that ν K (π K ) = 1 for any uniformizer π K . Then ν K extends uniquely to a valuation on Ω which takes values in Q, and is also denoted ν K . In particular, we let ν p = ν Qp denote the valuation on Ω which satisfies ν p (p) = 1. Let L be a finite extension of K. Then the residue degree [L :K] of L/K is denoted f (L/K), and the ramification index ν L (π K ) of L/K is denoted e(L/K). Finally, let {ζ a : a ≥ 1} be a compatible system of primitive roots of unity in Ω, with ζ a a primitive ath root of unity and ζ b ab = ζ a for every a, b ≥ 1.
p-adic Fields and Finite Commutative Chain Rings
In addition to the description in terms of p-adic fields given in Section 1, there is another more explicit construction of finite commutative chain rings based on Galois rings; we refer the reader to [18] for more details. Choose a prime p, positive integers n, f , and a monic polynomial Φ ∈ (Z/p n Z) [X] of degree f whose image in (Z/pZ)[X] is irreducible. The ring GR(p n , f ) = (Z/p n Z)[X]/(Φ) is called the Galois ring of characteristic p n and rank f ; it is determined up to isomorphism by p, n, and f . Every finite commutative chain ring is isomorphic to a ring of the form R[X]/(Ψ, p n−1 X t ), where R = GR(p n , f ) is a Galois ring, Ψ ∈ R[X] is an Eisenstein polynomial of degree e, and t = e if n = 1, 1 ≤ t ≤ e if n ≥ 2. (2.1)
The integers p, n, f, e, t are called the invariants of the finite commutative chain ring [1] .
The following proposition summarizes the connections between finite commutative chain rings and p-adic fields. Proposition 2.1. Let K/Q p be a finite extension, with residue degree f and ramification index e, and let k/Q p be the maximal unramified subextension of K/Q p . Let s, t, n be positive integers such that s = (n − 1)e + t, with 1 ≤ t ≤ e, and letΨ denote the image of 
of degree e such that
finite commutative chain ring with invariants
(p, 1, f, t, t) if n = 1, (p, n, f, e, t) if n > 1. (2.4)
Moreover, every finite commutative chain ring is isomorphic to
(iii) Let L/Q p be another finite extension and let s ≥
Proof. (i) and (ii) are well-known.
(iii) We want to prove that if
, and so L/Q p also has residue degree f and ramification index e. We may assume that K and L are both contained in the algebraic closure Ω of Q p . Then K/Q p and L/Q p have the same maximal unramified subextension k/Q p , and K/k and L/k are both totally ramified extensions of degree e. We may assume that e > 1. Let 
Let r 1 , r 2 , . . . , r e ∈ Ω be the roots of ΣΨ; then (ΣΨ)(X) = e i=1 (X − r i ). We may order the r i so that m = ν p (b − r 1 ) is as large as possible. Then for
then by the maximality of m we get
is the different of the extension k(r 1 )/k. By Remark 1 on p. 58 of [19] we have ν p (δ K/k ) ≤ 1 − e −1 + ν p (e). Since we are assuming s ≥ p p−1 + ν p (e) e, this implies m > 1 p−1 . Using Lemma 2.2 below we get 1 p−1 ≥ ν p (r 1 − r i ) and hence m > ν p (r 1 − r i ) for all 2 ≤ i ≤ e. It follows by Krasner's lemma (see [12] 
be an Eisenstein polynomial of degree e, and let r 1 , r 2 , . . . , r e be the roots of Ψ. Then for every
. The lemma may be rephrased as a statement about the higher ramification theory of the extension E/k, which need not be Galois; for the ramification theory of non-Galois extensions, see for instance III §3 of [3] , or the appendix to [2] . In fact the integers ν E (r 1 − r i ) are the lower ramification breaks for the extension E/k. The lemma is equivalent to the statement that these breaks are bounded above by
Our method is to reduce to the case of a Galois extension, where the lemma is well-known (see for instance Exercise 3(c) on p. 72 of [19] ).
Let F ⊂ Ω be the splitting field of Ψ, and set G = Gal(F/k), H = Gal(F/E). Let D = F G1 be the fixed field of the wild ramification subgroup of G, let e 1 be the ramification index of D/k, and let e 2 be the ramification index of ED/E. Then p ∤ e 1 , and hence p ∤ e 2 . It follows that the Hasse-Herbrand functions for the extensions D/k and ED/E are given by φ D/k (x) = x/e 1 and φ ED/E (x) = x/e 2 for x ≥ 0. Using the composition rule for towers of extensions we get φ E/k (x) = 1 e1 φ ED/D (e 2 x). Since the largest lower ramification break of E/k is inf{x : φ ′ E/k (x) = 1/e}, it suffices to prove the lemma for the extension ED/D. Since
Let j be the largest integer such that G Since |G
′ is Galois. It follows that the lemma holds for ED/D ′ , and hence also for E/k.
Let C(p, n, f, e, t) be the number of isomorphism classes of finite commutative chain rings with invariants (p, n, f, e, t). Then Proposition 2.1(iii) implies that
When p ∤ e, the number C(p, n, f, e, t) was first determined by Clark and Liang [1] . A different formula for this quantity was given in [9] . [1] and Hou [9] ) Let p be a prime and let n, f, e, t be positive integers such that n ≥ 2, 1 ≤ t ≤ e, and p ∤ e. Then C(p, n, f, e, t) = c|(e,p f −1)
Theorem 2.3. (Clark and Liang
where φ is the Euler function, (a, b) is the greatest common divisor of a and b, and τ (c) is the smallest positive integer m such that p m ≡ 1 (mod c).
From Proposition 2.1(iii) and Theorem 2.3 it follows that when p ∤ e,
In Section 4, we derive a third formula for I(Q p , f, e) in the case p ∤ e. In the other direction, our formulas for I(F, f, e) allow us to compute C(p, n, f, e, t) in the following two cases (cf. (2.7), Theorem 5.6, and Theorem 10.1): (i) p e and n ≥ 3 + 
Preparatory Results about p-adic Fields
Proof. Let L/F be the Galois closure of K/F , and set G = Gal(L/F ) and H = Gal(L/K). Let G 0 be the inertia subgroup and G 1 the wild inertia subgroup of G (so G 1 is the unique Sylow p-subgroup of G 0 ). Then G 0 /G 1 is a cyclic group whose order is prime to p and divisible by s. Since |G/H| = p i s factors as the product of |G 1 H/H| = |G 1 /(G 1 ∩H)|, which is a power of p, and
Then N is the unique subgroup of G 0 of index s which contains G 1 , so N G. Since K/F is a totally ramified extension we have G 0 H = G. Therefore G 1 H/N maps isomorphically onto G/G 0 , and hence G/N is a semidirect product of
i s with p ∤ s, and let K ∈ E(F, f, e).
Proof. (i) This is a special case of Proposition 3.1.
(ii) Let k/F be the maximal unramified subextension of K/F . Since p ∤ s, there are uniformizers π LK for L K and π F for F such that π
is a totally ramified extension of F of degree s which is contained in L K . To prove the uniqueness of E K , assume that we have F ⊂ E ⊂ K with E/F totally ramified of degree s. Then there is a uniformizer π E for E such that π
we must have ζ = 1, and hence
To prove the last statement, we note that for any σ ∈ Aut(K/F ) we have σ(E K ) = E K by the uniqueness of E K . Thus σ| EK ∈ Aut(E K /F ). We have already seen that E K = F (π EK ) for some π EK ∈ E K such that π s EK is a uniformizer for F . Since F does not contain any nontrivial sth root of unity, it follows that
Let K/Q p be a finite extension with f (K/Q p ) = f , e(K/Q p ) = e, and let γ ∈ Aut(K/Q p ). Let K γ denote the subfield of K fixed by γ and put e(γ) = e(K/K γ ) and
p can be viewed as a module over the group ring F p [ γ ], where F p = Z/pZ. Our approach in Section 5 depends on knowing the F p [ γ ]-module structure of V K in the case p ∤ e(γ). The rest of this section is devoted to the determination of this F p [ γ ]-module structure. The first step is to factor K × as
where
Let F/K γ be the maximal unramified subextension of K/K γ ; then F is the fixed field of γ f (γ) , and K/F is a totally ramified cyclic extension of degree e(γ). Since p ∤ e(γ), the field F contains an e(γ)th root of unity, and there is a uniformizer
is generated by roots of unity, we may assume that η is a root of unity, of order prime to p. It follows that γ(π e(γ)
K , where q is the cardinality of the residue field of
this implies that
γ acts trivially on the image of π e(γ) K in V K , and hence also on the image of π K in V K . Since U 1 is clearly stabilized by γ, this implies that the factors in (3.2) are
Hence there is an isomorphism of
Proof of Proposition 3.3(i).
We use Theorem 4(b) in Weiss [21] . This theorem implies that as long as U 1 contains no roots of unity, the Z p [ γ ]-isomorphism class of U 1 is determined by its Z p -rank. Since γ is cyclic, this means that we can replace the extension K/K γ with an extension
The Z p [ γ ]-module structure of U 1 cannot be described as simply when U 1 contains roots of unity. In fact, when p ∤ e(γ) it follows from another theorem of Gruenberg and Weiss (Theorem 6.1(a) of [4] ) that U 1 is cohomologically trivial as a
Proof of Proposition 3.3(ii).
The group U 1 has a filtration U 1 ⊃ U 2 ⊃ . . . , where
. Since we are assuming ζ p ∈ K, we have (p − 1) | e and hence r ∈ Z. Define
Our strategy is to first determine the F p [ γ ]-module structure of the quotients U i /Ū i+1 for i ∈ I, and then use this information to reconstruct
while if i ∈ I and i = r we haveŪ i /Ū i+1 = {1}. Finally, we have
Proof. If not then there is a monic polynomial
We assume that m is as small as possible; then a 0 = 0, sinceγ is invertible.
is a polynomial of degree < m with nonzero constant term such that R(γ) = 0. This violates the minimality of m, and therefore proves the lemma.
It follows from Lemma 3.4 thatγ 0 ,γ 1 , . . . ,γ f (γ)−1 are linearly independent overK γ , and hence that the degree of the minimal polynomial ofγ overK γ is
Since γ f (γ) generates the inertia group of the tamely ramified extension K/K γ , the image ξ of γ f (γ) (π K )/π K inK is a primitive e(γ)th root of unity. On the other hand, class field theory gives an onto homomorphism ρ :
× contains an element of order e(γ). ThereforeK γ contains a primitive e(γ)th root of unity, so we have ξ ∈K γ . In particular,
, and hence also over
Write e = dp t with p ∤ d; then e(γ) 
e/e(γ)
Therefore by (3.13) and (3.16) there are
To complete the proof of Proposition 3.3(ii), we need only determine the F p [ γ ]-module structure ofŪ r .
Proof. Define a group homomorphism ψ : U r → F p by setting
so ψ(y) = 0. Since ψ is nontrivial, it follows that ψ induces a group isomorphism
Since TrK /Fp (mγ(z)) = mTrK /Fp (z), we see that γ acts onŪ r ∼ = F p by raising to the power m. Therefore the F p [ γ ]-modulesŪ r and ζ p are isomorphic.
Using (3.14), (3.17) , and Lemma 3.5, we get an
and the proof of Proposition 3.3(ii) is complete.
In this section we determine I(F, f, e) in the cases where p ∤ e. Thus we are restricting our attention to tamely ramified extensions of the p-adic field F , which are in general well-understood. Therefore we only give outlines for the arguments in this section, most of which are not new. Besides calculating I(F, f, e), we also collect some facts about tamely ramified extensions of F which will be useful in the next section.
We start by listing the elements of E(F, f, e). Let q denote the cardinality of the residue field of F and set g = (q f − 1)e. Let π F be a uniformizer of F , let π E ∈ Ω be an eth root of π F , and define E = F (ζ g , π E ). The extension E/F is Galois, with
where df = [F (ζ g ) : F ]. The actions of σ and τ on E are given by
We now describe the F -automorphisms of K h . The inertia subgroup Aut(K h /F (ζ q f −1 )) of Aut(K h /F ) is a cyclic group of order b = (e, q f − 1) generated by an element µ such that µ(ζ q f −1 ) = ζ q f −1 and µ(π h ) = ζ b π h . We need to determine which elements of Gal(F (ζ q f −1 )/F ) can be extended to automorphisms of K h . Let ρ be the Frobenius automorphism of F (ζ q f −1 )/F . For c ≥ 0 we attempt to extend ρ c to an element ν c of Aut
Conversely, if x satisfies (4.5), then ρ c can be extended to ν c ∈ Aut(K h /F ) such that ν c (π h ) = ζ 
and satisfies ν f /c h ∈ µ . The actions of µ and ν on K h = F (ζ q f −1 , π h ) are given by
Using (4.7) we find that ν f /c h = µ uh and νµν 9] gives the alternative formula 
For each γ ∈ Aut(K h /F ), let K γ h denote the subfield of K h fixed by γ . By (4.8), we can write γ uniquely in the form γ = µ i ν j with 0 ≤ i < b and 0 ≤ j < f /c h . The smallest power of γ which lies in the inertia subgroup µ of Aut(K h /F ) is
where t(γ) is computed using (4.8) to be
This implies that the extension K h /K γ h has residue degree f (γ) = f /(f, c h j) and ramification index e(γ) = b/(b, t(γ)).
The Case p e
In this section, we assume e = pe 0 with p ∤ e 0 . We use the notation of Section 4 with e 0 in place of e. In particular, 
Let L ∈ E(F, f, e). Then by Proposition 3.1, there is a unique K ∈ E(F, f, e 0 ) which is contained in L. It follows from (1.3) and (4.3) that
For the time being, we fix K = K h and concentrate on evaluating the inner sum of
and define m i (γ) = |S i (γ)|. Then by counting the elements in the set
in two different ways we find that 
Proof. By class field theory, cyclic extensions L/K of degree p such that γ ∈ H L correspond to γ -invariant subgroups of
The unramified degree-p extension of K is excluded from S 1 (γ), and so m 1 (γ) is one less than the number of γ -invariant subgroups of V K of index p.
For each of the d(γ) homomorphisms ψ : γ → F × p , the largest quotient on which γ acts through ψ is
gives a one-to-one correspondence between the set of γ -invariant subgroups of V K of index p and the set
If ζ p / ∈ K, it follows from Corollary 3.6(i) that there is an isomorphism of
n F e 0 f for ψ = 1, and dim Fp V K (1) = 1 o(γ) n F e 0 f + 1. The formula for m 1 (γ) in the case ζ p ∈ K follows from this. Now assume ζ p ∈ K. By Corollary 3.6(ii) we have
n F e 0 f + 1 when ψ(γ) ∈ {1, m}. In the case where
n F e 0 f + 2 when ψ(γ) = 1. The remaining formulas for m 1 (γ) follow from these observations.
Lemma 5.2. We have
there is a uniqueγ ∈ Aut(L/F ) which extends γ. Let Lγ be the subfield of L fixed by γ . Then Lγ/K γ is a ramified extension of degree p such that LγK = L. Conversely, let M/K γ be a ramified extension of degree p such that the compositum M K is not Galois over K. Then M and K are linearly disjoint over K γ and so γ ∈ Gal(K/K γ ) can be uniquely extended to an elementγ
Then we have
By Krasner's formula (1.1) we have
and by class field theory we have
(5.14)
It remains to determine
γ is not Galois. On the other hand, suppose that L/K is a cyclic extension of degree p such that L/K γ is Galois and Gal(L/K γ ) is nonabelian. Then γ can be lifted to an automorphismγ of L, which must satisfy o(γ) = o(γ), since otherwise Gal(L/K γ ) = γ is abelian. Therefore Gal(L/K γ ) is a semidirect product of γ acting nontrivially on Gal(L/K). For such an L, the group Gal(L/K γ ) contains p different subgroups which map isomorphically onto Gal(K/K γ ), so there are p elements M ∈ Z(γ) such that M K = L. Therefore we have |Z(γ)| = p|W(γ)|, where
γ is Galois and nonabelian}. (5.15) By class field theory, elements in W(γ) correspond to subgroups H ≤ V K of index p such that H is invariant under the action of γ and such that γ acts nontrivially on V K /H. The number of such subgroups H is equal to the number of 1-dimensional subspaces of V K with nontrivial action by γ . Using Corollary 3.6, we find that
(5.16) Equation (5.9) now follows from (5.12)-(5.16).
It follows from Lemmas 5.1 and 5.2 that
(5.17)
In order to write down explicit formulas for L∈E(K,1,p) |Aut(L/F )|, we change notation slightly: We restore the subscript h to K, and instead of o(γ), t(γ), K γ , we write o(h, i, j), t(h, i, j), K ij h , where γ = µ i ν j . If ζ p / ∈ K h , then by combining (5.6) with (5.17) we get the following result.
In order to evaluate (5.2), we need to be able to tell when ζ p ∈ K h , and when ζ p ∈ K ij h . Let f p be the residue degree and e p the ramification index of the extension F (ζ p )/F . A necessary condition for K h to contain ζ p is that f p | f and e p | e 0 . Therefore, in what follows, we will assume f p | f and e p | e 0 . Then E = F (ζ g , π E ) contains all the fields in E(F, f p , e p ), including F (ζ p ). Therefore F (ζ p ) is the fixed field of a normal subgroup H of Gal(E/F ). Since the residue degree of E/F (ζ p ) is f /f p , and the ramification index is e/e p , we easily see that H = σ ep , σ l τ fp for some l. The following lemma shows that we can assume l = 1.
Lemma 5.4. There is an automorphism Ψ of Gal(E/F ) = σ, τ such that (i) Ψ maps the inertia group σ onto itself. (ii) Ψ acts trivially on the quotient
Proof. Since Gal(E/F )/H ∼ = Gal(F (ζ p )/F ) is cyclic, it is generated by σ a τ for some a ∈ Z. Define an automorphism Ψ 1 of Gal(E/F ) by setting Ψ 1 (σ) = σ and
Furthermore, τ = Ψ 1 (σ a τ ) generates the quotient Gal(E/F )/Ψ 1 (H). This implies that (e p , d) = 1, so there is k ∈ Z such that dk ≡ 1 (mod e p ). In addition, since the homomorphism (Z/e 0 Z)
× is onto, we may choose k so that (e 0 , k) = 1. Define an automorphism Ψ 2 of Gal(E/F ) by setting Ψ 2 (σ) = σ k and Ψ 2 (τ ) = τ . Then Ψ = Ψ 2 • Ψ 1 satisfies the given conditions.
By Lemma 5.4 we have
It follows that by replacing π F , π E , σ, τ withπ F ,π E ,σ,τ we may assume that H = σ ep , στ fp . Under this assumption, for every x, y ∈ Z the element σ
Using (5.6), (5.17), and (5.27) we get a formula for
28)
where R h,j denotes the set of integers 0 ≤ i < b satisfying the congruence (5.27 ).
By combining Propositions 5.3 and 5.5 with equation (5.2), we get the main result of this section.
Theorem 5.6. Let F be a finite extension of Q p , let f and e be positive integers such that p e, and set e 0 = e/p. Then the number of F -isomorphism classes of extensions of F with residue class degree f and ramification index e is
where (i) q = the cardinality of the residue field of F , t(h, i, j) ) ,
and h, i, j satisfy (5.27), p otherwise.
For the remainder of the paper we consider the case p 2 e. Let f 1 = f (F/Q p ) and e 1 = e(F/Q p ), and write e = p 2 e 0 with p ∤ e 0 . We make the following simplifying assumptions:
Some consequences of these assumptions are given in the following proposition.
Proposition 6.1. Assume the conditions in (6.1), and let K ∈ E(F, f, e). Then:
The approach we take here is somewhat different from that of Sections 4 and 5. Even with the conditions in (6.1), the computations that we will face are quite lengthy. To control the overall length of the paper and maintain readability, we will describe the reasoning behind our computations but omit the details. All the computations in these sections have been checked using Mathematica.
For each positive integer d, let
Using (1.3) and the fact that d|n φ(d) = n we get
where φ is the Euler function. For d > 0 and i = 0, 1, 2, put We will determine |C
)| separately in Sections 7 -9. In our computations, we will frequently encounter a tower of finite extensions
Let L/T be an unramified extension of degree d and define
For positive integers m and n, put
We have an isomorphism of groups
1+nL such that the matrix of σ with respect to S is E(d, n T ).
Define H(m, n; p i ) to be the set of all E(m, n)-invariant subgroups of (Z/p i Z) 1+mn of index p i . By class field theory, there is a bijection between the set of all σ-
1+nL /H let ω(u) be the element of Gal(K H /L) which corresponds to u under this isomorphism.
Let M/T be the maximal unramified subextension of K H /T . Since σ is the Frobenius of L/T , it can be extended to the Frobenius σ ′ of M/T . Let θ be an arbitrary extension of σ ′ to an element of Gal(
1+nL /H and θ, where
It follows from the definition of θ that the restriction of θ d to M/L is the Frobenius. By class field theory this implies a ≡ 1 (mod p i ). To summarize, we have the following description of the structure of Gal(K H /T ).
Next, we list the elements H of H(d, n T ; p i ) for i = 1, 2. For each such H we will give a more explicit description of the structure of Gal(K H /T ) than that given in Proposition 6.2. These explicit descriptions will be essential in our later calculations. 
and an element θ such that θ d = κ c(a) and θκθ −1 = κ λ , where c(a) = 1 α t a ∈ Z/pZ for some fixed α ∈ (Z/pZ) nL .
We omit the proof of Corollary 6.3 since it is a simpler version of the proof of the next corollary.
and only if H is of the form
and an element θ such that θ d = κ c(a) and θκθ
and only of H is of the form
where A and Λ are as above. Furthermore, Gal(K H(Λ,A) /T ) is generated by
and an element θ such that
2 , and
Proof. In both cases the necessary and sufficient conditions for H to be an element of H(d, n T ; p 2 ) are straightforward from the definitions. It remains to show that for H ∈ H(d, n T ; p 2 ), the structure of Gal(K H /T ) is as described. We will only give the argument for case (i), as case (ii) is quite similar.
1+nL /H and an element θ satisfying the relations (6.12). We have
There is a canonical isomorphism
where · , · is the standard inner product on (Z/p 2 Z) nL . It follows that the conjugation action of θ on Gal(K H /L) induces an action of θ on Hom Z/p 2 Z ( a , Z/p 2 Z).
Let φ be the unique element of Hom( a , Z/p 2 Z) such that φ(a) = 1. Then ψ 1 α = 1 α t a φ and θ · φ = λφ for all u ∈ Z/p 2 Z. Therefore, by identifying Gal(K H /L) with Hom Z/p 2 Z ( a , Z/p 2 Z) using ψ and identifying Hom Z/p 2 Z ( a , Z/p 2 Z) with Z/p 2 Z using the basis {φ}, we see that In addition, we set n = n F = f 1 e 1 . Observe that |C
such that K/T is Galois. Using Proposition 6.1 (i) -(iv), we see that (T, L, K) → K gives a bijection between X and C 
The cardinality of A λ can be easily determined:
(7.10) Combining (7.9) and (7.10), we find that
To compute |H 2 |, we first observe that for H(Λ, A) ∈ H 2 and Q ∈ GL(2, p), we have
and only if A 1 = A 2 Q for some Q in the centralizer cent(Λ) of Λ in GL(2, p). Thus for each Λ ∈ GL(2, p),
By (7.12) and (7.13), we have
where Λ runs over the set of canonical forms in M 2×2 (Z/pZ) with Λ d/p
The proposition now follows from (7.2), (7.3), and the fact that E F, such that K/M is Galois. The cardinality of X can be calculated by counting the elements (M, E, K) ∈ X in the order of M, E, K; when M and E are fixed, the number of K is H Proof. The existence of such an (M, E) follows from the definition of C 1 d . To see the uniqueness of (M, E), we assume that there are (M 1 , E 1 ) and (M 2 , E 2 ) such that (M 1 , E 1 , K) ∈ X and (M 2 , E 2 , K) ∈ X . Then K/E 1 ∩ E 2 is totally ramified, and also Galois since both K/E 1 and K/E 2 are Galois. Therefore by Proposition 6. Suppose instead we are in the situation of Corollary 6.4(ii). Then H = H(Λ, A) for some Λ and A satisfying the conditions of the corollary. For each J ∈ J (H(Λ, A)) the group B = J ∩ κ 1 , κ 2 is a normal subgroup of J of order p, and κ Using Propositions 7.2, 8.5, and 9.5 to write out n 0 (p j τ )+pn 1 (p j+1 τ )+p 2 n 2 (p j+2 τ ) explicitly for 0 ≤ j ≤ i, we obtain the final formula for I(F, f, e).
